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The Aharonov-Casher effect possesses dynamical quantum nonlocal property similar to the Aharonov-Bohm 
effect. We propose an experiment to test Leggett's inequality using the Aharonov-Casher effect. In our scheme, 
four entangled particles emitted from two sources manifest a two-qubit-typed correlation that may result in 
the violation of the Leggett inequality. The experimental scheme is fault tolerant to local inaccuracies due to 
the topological nature of the Aharonov-Casher phase, and bridges a potential connection between dynamical 
quantum nonlocality and coixelational quantum nonlocality. 
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Introduction. — The importance of the Aharonov-Bohm 
(AB) effect [1] is not extravagant. After the proposal in 1959, 
the potentials $ and A, which are merely a convenient math- 
ematical tool for calculating electromagnetic fields of force, 
have assumed primary physical role over the electromagnetic 
fields E and B, and are essential ingredients that cannot be 
readily eliminated from the Schrodinger equation. During the 
last fifty years since its discovery, the AB effect has had a 
significant impact on the development of physics. Hence not 
surprisingly, the AB effect was chosen by the New Scientist 
magazine as one of the "seven wonders of quantum world" 

In spite of this, recently in a notable paper Popecsu 
stressed that "Its arguably deepest implication, however, has 
been virtually ignored", namely, the deepest implication of the 
AB effect is that quantum dynamics is inherently nonlocal. 

Up to now, there are two different kinds of nonlocality in 
Nature. The nonlocality involved in the AB effect is a dynam- 
ical quantum nonlocality (DQNL), because it relates to quan- 
tum equation of motion in the Heisenberg picture and thus is 
of dynamical nature. The other one is the correlational quan- 
tum nonlocality (CQNL), which follows from the Hilbert- 
space structure of quantum mechanics and thus is purely kine- 
matic. One of the most remarkable aspects of quantum me- 
chanics is its predicted correlations. The CQNL is by now 
well-known based on the violations of Bell's inequality 10,01 
as well as Leggett's inequality, which are formulated in terms 
of correlation functions. A typical difference between these 
two nonlocalities is that CQNL often resorts to two or more 
entangled particles, while DQNL can be demonstrated by evo- 
lution of single particle even with only one degree of freedom. 
This gives rise to an interesting question: What is the relation 
between DQNL and CQNL? Or an upfront question is: Can 
one reveal CQNL by DQNL? 

Indeed, the answer is positive. In a pioneer work, Pati 
tested Bell's inequality using the Aharonov-Casher (AC) ef- 
fect Jstl, which is a dual of the AB effect. In the AC effect 
the role of charge and magnetic flux is exchanged, i.e., when 
a neutral particle with magnetic moment moves around an im- 



penetrable line charge, it acquires some phase shifts. Similar 
to the AB effect, the nonlocality of single-particle evolution 
in the AC effect is also a CQNL. Pati's experimental proposal 
is applicable to test Bell's inequality, the key reason is that he 
introduced four correlated particles, and by proper projective 
measurements some desired correlation functions are obtained 
and thus Bell's inequality is violated. 

The violation of Bell's inequality by quantum mechanics 
implies either locality or realism or both are untenable. In the 
debate of incompatibility between quantum mechanics and 
any local realistic hidden variable theory, experiments lH- 14] 
have supported quantum mechanics. Although for some time 
there existed loopholes of locality 19, 12, 13] and detec- 
tion ifin [14I1 . they have been almost closed. The invalidity 
of local realism is a reasonably established fact. In 2003, 
Leggett [[isl put forward the problem of CQNL by deriving 
a class of inequalities based on nonlocal realism. He assumed 
that the state of a subsystem has been predetermined by some 
variable A even before the measurement, and that the joint 
probabilities consist of a mixture of correlations that cannot 
be separable. Since only states of subsystems have been pre- 
determined, the whole system may be nonlocal. After the pio- 
neer work, the incompatibility of nonlocal realism and quan- 
tum mechanics was experimentally confirmed lll6l - ll9ll . It was 
shown that quantum mechanics is neither local realistic nor 
nonlocal realistic. 

In this Letter, we advance the study of the nonlocality of the 
AC effect and present a scheme to test Leggett's inequality by 
resorting to the AC effect. Due to the topological nature of 
the AC effect, our scheme is robust against some local inaccu- 
racies. We use the two-qubit Leggett inequality in Ref. lfl9ll . 
which is given in terms of correlation function C{di, bi) as 
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-^(|C(a„&,)+C(a„6',)|)<2 
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where a/b,b' describe measurement settings for Alice/Bob. 
There are three settings ai{i = 1, 2, 3) for Alice and six set- 
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tings &j, b[ {i = 1, 2, 3) for Bob, and h, - & ■ = 2 sin((^/2)e, 
with ei{i = 1, 2, 3) being an orthogonal basis. For the sin- 
glet state of two qubits, the quantum correlation function reads 
C{a,b) = J dXp{X)Cx{d,b) = {a ■ d(g> a -b) = -a -b. Then 
the Leggett inequality reduces to a simpler form 
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We shall test the two-qubit Leggett inequality in a physical 
system consisting of four neutral particles with magnetic mo- 
ments, whose initial state is a product of the singlet state of 
pair (1, 2) and the triplet state of pair (3, 4). Pseudo-Pauli ma- 
trices are introduced such that one may view an entangled spin 
pair like pair (1 , 4) or pair (2, 3) as a "single qubit", and hence 
four particles as a total "two-qubit" system. The influence of 
the AC effect on an entangled spin pair is found to be equiva- 
lent to a rotation in terms of the pseudo-Pauli operators. Next, 
based on the final state of the four particles we focus on some 
specific joint probabilities satisfying the no-signaling condi- 
tion and obtain a two-qubit-type correlation function that may 
violate the Leggett inequality. We end the Letter with some 
discussions on nonlocality of the AC effect. 

Testing Leggett 's Inequality using the AC Ejfect. — We con- 
sider a system of four neutral spin- 1/2 particles with magnetic 
moments in the presence of a line charge. In the AC configura- 
tion, the particles are moving in xy-plane and the line charge 
oriented along the third axis (the z-axis). The motion of the 
particles is influenced by the electric field of line charge. Each 
particle will acquire a phase when moving along the plane, 



^U>j, (3) 



where | t)i' I V}j describe quantum states with spin up and 
spin down for the j-th particle, E is electric field intensity, 
ifj = {E X jlj) ■ df is the measurable phase accumulated 
during the evolution, and flj the magnetic moment for the j-th 
particle. 

Denote the state for two spin- 1/2 particles by \S, M) with 
total spin S and magnetic quantum number M, then the sin- 
glet state and the triplet state with i\/ = are given by 



io,o) = (in)-ut»/V2, 
|i,o)-(in> + ut»/V2, 



(4) 



Under the transformation (|3), the initial singlet state |0, 0), 
and triplet state |1, Q)mn of particles m and n become 



|0,0),„„->cos ^'"- '^" 10,0) 



+ ism |1,0), 



very notable feature of the AC effect influencing an entangled 
spin pair 0]. Equation (|5]l implies that {|0, 0), |1, 0)} may 
span a subspace, and in turn one may treat the spin pair as a 
"single qubit". To make this point explicit, let us abbreviate 



|0)^|0,0), |1>^|1,0), 
then Eq. (|5]l can be recast as 



|1,0),„„ -^isvti- — --^|0,0),„„ + cos^- — r-^|l,0), 
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Moreover, one defines the following pseudo-Pauli matrices 
as - ]0)(T| + |T)(0|, = -i(|0)(T| - |T)(0|), = 
|0)(0| — which share similar properties as the usual 

Pauli matrices, then Eq. (|7]i is nothing but a rotation 
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along X-axis on the basis {|0), |1)} of the "single qubit". 

Our scheme for testing the Leggett inequality by experi- 
ment involves two pairs of entangled spin- 1/2 particles. Simi- 
lar to Refs. 10], we prepare the four particles entangled in two 
pairs (1,2) and (3,4) initially, and finally perform some proper 
projective measurements on particle pairs (1, 4) and (2, 3) to 
obtain the correlation function. Assume initially that particles 
1 and 2 are emitted from a source O12 with total spin 6*12 = 
and magnetic moment M12 = 0; similarly, particles 3 and 4 
are emitted from a source O34 with 5*34 — 1 and M34 = 0. 
Namely, the initial state reads = |0,0)i2 ® |1,0)34 = 

^(1 mt> - 1 ;m> + 1 tm> - 1 ;;n»i423, m the last 

step we have rearranged the particles in the order of "1423". 
Actually, can be rewritten as 



= ^(|0)l4|l>23- 11)140)23) 
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namely, the states |0, 0)mn and |1, 0)„m evolve to the quantum 
states that are linear superpositions of themselves. This is a 



However, the last two terms of Eq. (|9} will vanish when 
they are acted by any operator defined in the subspace % = 
{|0)i4, |T)i4} (g) {10)23, |T)23}- Here we retain them for nor- 
malization. In fact, the initial state can be understood as a 
"singlet state" |*i) cx ^(|0)i4|T)23 - |T)i40)23) of "two- 
qubit" without any confusion. 

Our experiment proposal is as follows (see Fig. [T). First, 
we let the two sources be located at points O12 and O34 on the 
xy-plane respectively, and invoke an impenetrable line charge 
oriented along the z-axis. After the four particles are emitted 
from the two sources, we then move particle 1 from location 
O12 to location A along path £1, and move particle 4 from 
location O34 to meet particle 1 at location A along path £4. 
The motion of the particles are influenced by the electric field 
of line charge as shown in Eq. Q and accordingly the corre- 
sponding AC phase shifts are tfi and ip4 for particles 1 and 4 
respectively. Similarly, we move particle 2 from location O12 
to location B along path £2, and move particle 3 from loca- 
tion O34 to meet particle 2 at location B along path £3, and 
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as the joint probabiHties satisfying the no-signaling condition, 
and based on which the correlation function is defined as 



FIG. 1: (Color online) A schematic illustration of experiment pro- 
posal. Particle pairs (1, 2)/(3, 4) are emitted from sources O12/O34. 
The particles move on xy-plane and an impenetrable line charge is 
oriented along z-axis. By proper projective measurements on particle 
pairs (1,4)/ (2, 3), the correlation function in Eq. (I13t is obtained. 



the corresponding AC phase shifts are and ip^ for particles 
2 and 3 respectively. The distance from ^ to S is supposed 
to be large enough so that the measurement of particle pair 
(1,4) and that of particle pair (2,3) are space-like, and thus no- 
signaling condition is satisfied. Due to Eqs. (|7| and (O, we 
have the final state of the four particles as 

l^f) = ^7^l(^^)®7^|,(^B)(|o)l4|T)23- 11)140)23) 

+ tm)l423 - e-'"'\ Un)l423). (10) 

Here A represents "14" and B represents "23", 7 = {ipi + 
fPi- ¥'3)72, and = ip^ - (p4, ipB = 'Pi are 

relative AC phases for meeting locations A and B acquired by 
fourparticles moving along different paths. It is worth to high- 
light that AC effect usually concerns a single particle moving 
around a line charge, however here none of the moving paths 
of four particles encircles the line charge, though the combi- 
nation of four corresponding paths actually makes a circle. 

Next we perform local projective measurements on two 
particle pairs (1,4) and (2,3) along arbitrary directions 
UA = (sin COS sin sin 6*^1, COS ^yi) and ub ~ 
(sin S^B cos B , sin sin 6b , cos £^b), respectively. The pro- 



jectors are defined by V{i,j) 
0, 1), where 
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|Off) = {\ + n,-n) - \ - n,+n 
|Ts) = (I + -n) + I - n, +n 



(11) 



which are respectively the singlet state and the triplet state 
with M = written in terms of the following states; | + n) = 
cos|| t) + sinfe'^l ;), | - n) = sin|| t) - cos|e'^| ;). 
Here we choose the vectors Ha and Hb in the xy-plane, i.e., 
U= = Tr/2. Let us denote P(z,j) = (*f |P(i, j)|^'f) 
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(12) 



After some calculations, we obtain the explicit result of the 
correlation function as 



Cab {a, b) 



(13) 



where a = (sin6'^ cos</ja, sin0^ sin</j^, cos6'^) and b = 
{sinOB cos If B, sin 9b sin (pB, cos 6b) are two unit vectors. 
Here the vectors a and b (or say (pA, (fB, Sa,9b) are experi- 
mentally controllable: The parameters (fA,(pB (i-C-, </5j, i ~ 
1,2,3, 4) are the relative AC phase shifts of the four particles 
determined by the locations A, B and the paths and the 
parameters 6a, 6b come from the selection of directions in 
the projective measurements for each particle pair at A and 
B. Actually, the correlation function (fT3] l is equivalent to 
CAB{a,b) = (vPilS-a^S'&l^i), whichisjust similar to that 
of two usual qubits under the joint measurement ct • a ® ct • 5 on 
the singlet state. This correspondence also provides a reason- 
able explanation on why the AC effect can be used to test both 
the Bell-Clauser-Horne-Shimony-Holt (Bell-CHSH) inequal- 
ity 101 in Ref. 101 and the Leggett inequality in this work. 
Reference ||4[1 proposed to test the Bell-CHSH inequality 

\C{d,b) + C{a' ,b) + C{d,b') - C{d\b')\ < 2 (14) 

using the AC effect. There are four measurement settings in 
the inequality ( fT4b . i.e., a, b, a', b' . To attain maximal viola- 
tion of the inequality, it is sufficient to put the four measure- 
ment settings in the same plane, i.e., one may always choose 
Oa = Oa' = 6b ^ 6b' = 7r/2 if the Bell-CHSH inequahty 
is tested. By properly selecting two locations A, A' for Alice 
where particle pair (1,4) meets, and two locations B, B' for 
Bob where particle pair (2,3) meets, and adjusting the phase 
shifts as ifA = 0, ipA' = '^/2, (pB = 7i'/4, ipB' = — 7i'/4, 
or say a = (1, 0, 0), a' ^ (0, 1, 0), 5 = (l/\/2, 1/^2, 0), 
and b' = (1/V2, -1/V^, 0), then the right-hand side of (0 
achieves 2\/2 and thus the Bell-CHSH inequality is maxi- 
mally violated. 

To test Leggett's inequality ([T]i, we need totally nine mea- 
surement settings, i.e., fli, (22, 03, 61, 62, &2i ^3- Since 
ei(i = 1, 2, 3) is an orthogonal basis, the nine measurement 
settings cannot lie in the same plane. Properly selecting three 
locations Ai{i = 1,2, 3) for Alice where particle pair (1,4) 
meets, and six locations Bi/B^{i ~ 1,2,3) for Bob where 
particle pair (2,3) meets, and adjusting the nine different 
paths and nine directions of the projectors such that the mea- 
surement settings are {dAn^Ai) = (7''/2,0), (6*^3, (^3^2) = 
(V2,7r/2), {6 A,, PA,) = (0,0), {9b,,Pb,) = (7r/2,<^/2), 
{6b'^ , ^b; ) - (7r/2, ~p/2), [6b, ,Pb,) = (^/2 - p/2, tt/2), 
{Ob^,Pb^) - {7t/2 + ^/2,7t/2), {6b„PBs) = {p/2,0), 
{6b'^,<Pb0 = (y/2, tt), we arrive at the experimental set- 
tings given in Ref. 11911 . Based on which the six correlation 
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functions in Eq. ([U are all equal to — cos(iy9/2), and conse- 
quently for e (0,4tan~^(i)), the Leggett inequality (|2]i 
is violated. The violation of the Leggett inequality implies 
that nonlocal realistic theories are not compatible with quan- 
tum mechanics. In the AC experiment, the invalidity of both 
the Bell inequality and the Leggett inequality suggests that 
quantum mechanics is neither local nor realistic. The result is 
consistent with the works in the literatures lll6l - jl9ll based on 
the experiment of entangled photons. 

Discussion. — In summary, we have proposed an experi- 
mental scheme to test the two-qubit Leggett inequality using 
the AC effect. The two-qubit-type correlation functions are 
established and the Leggett inequality is found to be violated, 
which implies the invalidity of nonlocal realistic theories. The 
merit of our scheme Ues at two facts. First, due to the topo- 
logical property of the AC effect, our scheme of testing the 
Leggett inequality is fault tolerant to some local inaccuracies. 
As is well-known, photon-based experiments often encounter 
loophole problems, such as errors in the detectors and detect- 
ing systems. The existence of loopholes may affect the results 
of the experiments, and hence any scheme of loophole-free ex- 
periments is a good alternative. Secondly, our scheme might 
bridge a potential connection between the two kinds of nonlo- 
cality: the DQNL and the CQNL. Our result together with the 
work of 10] have attempted to reveal the CQNL by the DQNL 
due to the AC effect, this makes our scheme totally different 
from the known experiments on testing the Leggett inequality 
in the literatures lll6l4l9ll . Nevertheless, the deep connection 
between DQNL and CQNL remains open in our view. 
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